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AHHOTAIUS.

YpaBHEHUS MEIIKOM BOJIbI ONTUCBHIBAOT TOHKHUM CJIOW JKUIKOCTH TTOCTOSTHHOM
IUIOTHOCTHU B THAPOCTATHYICCKOM PABHOBCCUC, OTPAHNYCHHOC CHU3Y peﬂbe(bOM JHa
U CBEpXy CBOOOJHON MOBEepxHOCTHIO. OHM 00Ja7atoT OoraTbiM pa3zHOOOpa3zueM
CBOMCTB, MOCKOJBKY MMEIOT OECKOHEYHO MHOTO 3aKOHOB coxpaHeHus. Pacmpo-
CTPaHCHUC LIYHAMHU MO’KHO TOYHO OIIMCATb YPABHCHHUAMU MEJIKOH BOJbBI ITOKA BOJI-
Ha He MpHUOIN3UTCS K Oepery. YpaBHEHUS MEIKON BOABI YaCTO HUCIOJIB3YIOTCS AJIS
MOJCIINPOBAHUA KaK OKeaHOFpa(I)I/I‘-IeCKI/IX, TaK U aTMOC(I)epHBIX IIOTOKOB KHUIKO-
ctu. YncneHnnoe MOACIIMPOBAHNUC ABYXMCPHBIX MCIIKHX TEYESHHUU CO CIIOKHOM I'eo-
MeTpHeﬁ, BKJIIO‘IaIOHleﬁ HCCTAIUMOHAPHBIC ITIOTOKH W ITOABUIKHBIC I'PAHUIIBI, CTAJIO
HpO6J’I€MOﬁ JJIA I/ICCJIGIIOBaTGJIeﬁ B IIOCJIIEAHHUEC TOABI. CYHIGCTBYGT IHI/IPOKI/Iﬁ
CHEKTp (PU3MYECKUX CHUTYyalui, MPEACTaBISAIOIIMX HHTEPEC I OKpYKAIOIIEeH
Cpeabl, TAKUX KaK TCUCHHC B OTKPBITHIX KaHAJIAaX U pEKax, MOACINPOBAHNC yHAMU
n H&BOI[HCHI/Iﬁ, KOTOPBLIC MOT'YT OBITH MAaTEMAaTUYECKHA IMPCACTABJICHBI HEJIMHENHEI-
MU CUCTECMaMU ypaBHeHHﬁ. MOI[eJ'II/I TaKMX CHUCTCM IIO3BOJIAIOT IIPOTrHO3HMPOBATDH
paﬁOHBI, KOTOPBIC B KOHCYUHOM HTOI'C IIOCTpAadarOT OT 3arpsA3HCHHUA, 66p€FOBOI>i
9PO3UHN U TadHUSA ITOJIAPHBIX JICAHUKOB. KomiiekcHoe MOIACIIMPOBAHUC TAKHX SB-
JICHUM C HMCHOJIb30BAHUEM (1)I/ISI/I‘I€CKI/IX OHI/IcaHI/Iﬁ, TaKUX KaK YPaBHCHHUA Hasbe-
Crokca, 4acTo MOKET ObITh IPOOJIEMAaTUYHBIM K3-3a MaciiTaba o0JacTell MOAeIIn-
pOBaHUsI, a TaKXKe BBIJICJICHUsS] CBOOOIHBIX TTOBEepXHOCTeH. [{enpio HacTosIel pa-
OOTHI SIBIISIETCS BBIBCJICHUC U AHAJINU3 BBIYHUCIINTCIBbHBIX FI/IHCp6OJ'II/III€CKI/IX YpaB-
HEHUN B YaCTHBIX IMPONU3BOAHBIX, HA3BIBACMbIX YPABHCHUAMU MEJIKOH BOABbI, KOTO-
PBIC OIIMCBIBAIOT HECAUCIICPCUOHHBIC BOJIHBI, YaCTO ITPUMCHACMBIX IJISA MOICIIUPO-
BaHUA (1)I/I3I/ILIGCKI/IX SIBJICHUN B 06nacm T'napOoArHaMUKHU, BHCAPACMBIX B MaTCMa-
TUYCCKHUE MOACIN IJIA HOCJ'IGILYIOHIeﬁ peain3alunu BO3MOYKHOCTEH KOMIIBIOTCPHO-
ro MOACIMPOBAHUA U IIPOTrHO3UPOBAHUA. C NOMOIIBKO JAHHBIX I/ICCJ'IGIIOBaHI/Iﬁ pe-
nlaeTcs 3ajxada 1o mMareMatndeckoMy moaenupoBaHuto Bomubel KensBuna m Poc-
cOH HE TOJBKO 03€pax U pCKax, HO U OKCaHax. Taxxe uMeeTcss BO3MOKHOCTD pac-
CMOTPEHHUS YaCTHBIX CIIy4aeB JAHHOTO ABJICHMS Il 0ACCEMHOB, a TaKXe C MOMO-
KO BBIBECACHHBIX ypaBHeHI/Iﬁ HMCCTCA BO3MOKHOCTb MOJACINPOBAHUS IIPHUINBOB.
B cratbe BBIBCACHBI [TOJIHOCTHIO HEJIMHENHBIE YpPaBHCHH:A MEJIKOH BOAbI (I/I ux JIn-
HEapU30BaHHBIN aHAJIOr). DTH YpPaBHEHUS TaKKe MOJJAIOTCS JUCKPETH3ALMU IO
BEPTHUKAIIU.

Summary

The shallow water equations describe a thin layer of liquid of constant densi-
ty in hydrostatic equilibrium, limited from below by the bottom topography and
from above by the free surface. They have a rich variety of properties, since they
have infinitely many conservation laws. The propagation of a tsunami can be accu-
rately described by the equations of shallow water until the wave approaches the
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shore. Shallow water equations are often used to model both oceanographic and
atmospheric fluid flows. Numerical modeling of two-dimensional shallow currents
with complex geometry, including unsteady flows and moving boundaries, has be-
come a challenge for researchers in recent years. There is a wide range of physical
situations of interest to the environment, such as flow in open channels and rivers,
tsunami and flood simulations, which can be mathematically represented by non-
linear systems of equations. Models of such systems make it possible to predict ar-
eas that will ultimately suffer from pollution, coastal erosion and melting of polar
glaciers. Complex modeling of such phenomena using physical descriptions, such
as the Navier-Stokes equations, can often be problematic due to the scale of the
modeling areas, as well as the selection of free surfaces. The purpose of this work
Is to derive and analyze computational hyperbolic partial differential equations,
called shallow water equations, which describe non-dispersive waves, often used to
simulate physical phenomena in the field of hydrodynamics, introduced into math-
ematical models for subsequent implementation of the capabilities of computer
modeling and forecasting. With the help of these studies, the problem of mathe-
matical modeling of the Kelvin and Rossby waves is solved not only in lakes and
rivers, but also in oceans. It is also possible to consider special cases of this phe-
nomenon for pools, and also using the derived equations, it is possible to simulate
tides. The article deduces completely nonlinear shallow water equations (and their
linearized analogue). These equations are also amenable to vertical sampling.

KiroueBble ¢Jji0Ba: ypaBHEHUE MEIKOW BOJbI, MOJCIUPOBAHUE, rnnep60—
JIMYECKUE YPABHEHUS, COXPAHCHUE OKPYKAIOIIEH CPEJIBI.

Keywords: shallow water equation, modeling, hyperbolic equations, envi-
ronmental conservation.

BBenenune. Kimmmarnueckre M3MEHEHHs, TPOUCXOAAIINE B MUPE, TIPUBOIAT K BCe Ooiee
YaCTBIM SKCTPEMAJIbHBIM THAPOJIOTHYECKUM SBJICHUSM, YacTO CBSI3aHHBIM C HaBOJHEHUSIMH, Ce-
assMa W omoy3HsMu [1]. [ocymapcTBEeHHBIM aAMUHUCTPALMSIM M 3eMJICBIAAeNbI[aM HYKHBI
HaJIS)KHBbIE MHCTPYMEHTHI JUTS IPOrHO3UPOBAHMS TTyOHHBI BOZBI, CPEJHEH CKOPOCTH U TBEPAOTO
HIepeHoca BO BpEMsI MPOTHO3UPYEMbIX COOBITHH [2].

MOI[GJ'H/IpOBaHI/Ie MEJIKOH BOJBI, ABJIACTCA OOJHUM M3 OCHOBHBIX CTOJIIIOB, JOCTYIIHBIX CC-
TOMHS JUIsl TIOAJCPKKH OIIEHKH COOTBETCTBYIOIIEro Tuipasiudeckoro pucka [3]. [Mocneanue
JOCTHIXXCHUA B o0macTu KOMIIBIOTEPHBIX METOJ0B U BBIYUCIIUTEIIBHOT'O O60py,ZIOBaHI/I$I IIO3BOJIA-
10T BKJIFOUaThCUCTEMY YPAaBHEHHUI B CTaHJapTHBIE HHCTPYMEHTHI YIPaBJICHHS TOCYIapCTBEHHBI-
MH OpraHaMH M YacCTHBIMH YIPABJISIONIMMHU KaK TOPOJCKUX, TaK M IMPUTOPOAHBIX TEPPUTOPUIL
[4]. Mopenb Takke MOKET ObITh HHCTPYMEHTOM ISl OJX0/1a K MOJICTUPOBAHUIO I'PAKIAHCKON
¥ TUIPOHH(PACTPYKTYPHI (31aHHI U coopykeHuit) [5].

B Gosiee 00IIMX MPOEKTOB 110 MOJICIUPOBAHHIO IIPUPOJHBIX HPOIECCOB U MPEIOTBpAILe-
HHIO 3arpsi3HEHHS, MOJIEb MOXET CBSI3bIBATh MHOTHE (DHU3MUYECKUE IPOIECCHI, MPOUCXOISIINE
HaJ| 3eMJICii M IO/ ee MMOBEPXHOCTHIO, TAKUE KaK TEIUIONepeiadya Wi XUMHYECKUE U OUOoIornye-
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CKHe IMHAMUKH [6]. YpaBHEHHS Takke MOXKHO JIETKO CBS3aTh C OJJHOMEPHBIMH BEPTHKATbHBIMH
MOJIENISIMU, TaKUMH KaK MIporecc MHOUIbTpAlUU, MPUBOMAIIMN K TpaHchopMaruu TOXKas B
CTOK, MJIMI MHOTO()a3HbII BEPTUKAIBHBIA TEPEHOC, TPOUCXOSIINN B 03epax, JIATyHAX U JAPYTHX
€CTECTBEHHBIX BOJOEMAaX, a TAKXKe C MOJEISAMHU Ui U3YYEHUS PEYHOI TuapaBIuKu, MOpHOIu-
HAMUKHU 1 IEPEHOCa HAaHOCOB [7].

CymecTByeT MUPOKUNA CIIEKTp (PU3NYECKUX CUTYaLMi, MPeICTaBIAOMMX OOJbIION HH-
Tepec, TAaKUX KaK TEUCHHE, B OTKPBITHIX KaHaJaX U peKax, MOJCIMPOBaHHUE IIyHaMHU M HaBOJHE-
HUH, KOTOpBIE MOTYT ObITh MaTEMaTHYECKU IPEJCTABICHbl HEIMHEHHBIMU CUCTEMaMH ypaBHE-
HUI B YaCTHBIX IIPOM3BOJHBIX MEPBOI0 MOpPsAKA, BBIBOJI KOTOPBIX IPEIOIAraeT BbITOJIHEHHS
CIIC/IYIOIIETO AJITOpUTMa AercTBui [8].

Metoabl ncciel0BaHUsA, XapPAKTEPUCTHKA 00bEeKTa UCCIIe0BAHUS.

Bwv1600 ypasnenuii menkoti 600bi.

UTOoOBI BRIBECTH ypaBHEHHS MEJIKOM BOJbI, Mbl HAYHEM C ypaBHEHHH Oijepa 0e3 ydera
HOBEPXHOCTHOT'O HATSKEHMSI, YCIOBUE CBOOOHOM MTOBEPXHOCTH:

2=0, %Z %+V- Vn=w, (1)
rae z =#5(X, Y, t)
YpaBHEHUE UMITYJIbCA!
’;_’;Jriyp + g =0, )
ypaBHEHUE HEMPEPHIBHOCTH MACCHI:
V- u=0, 3
HIYKHEE TPAHUYHOE YCIIOBHUE:
u-7(z+h(x,y)) =0, 4)

rae Z = -h (X, y), p — maBjieHue, 57 — BepTHUKAIbHOE CMEIIEHHE CBOOOIHOM MOBEPXHOCTH (OTpe-
JensieT cBOOOJHYIO MOBEPXHOCTh BOBI), U = (U,V,W) — oCpeIHEeHHas 0 TITyOMHE TpeXMepHas
CKOPOCTb, p — IUIOTHOCTh, § — YCKOpPeHHe cBoOoHOTO magenus, h (X,y) — GyHKIus 3amaromniast
penbed aHA (prCyHOK 1).

ITOCKOTBKY KUAKOCTh UMEET MOCTOSHHYIO IJIOTHOCTD, JABMIKEHHE JKUAKOCTH MOJTHOCTHIO
OTpeeNsAeTCs YPaBHEHUSMH HEMPEPBIBHOCTH MacChl U MMITYJIbCa COOTBETCTBEHHO [9], u3-3a
IPEIOIaraeMoro Majioro aclieKTHOTO OTHOIICHUSABBIMOIHACTCS THIPOCTATHIECKOE TPHOIHKE-
HUE, /I BBIBO/Ia YPABHEHUH MEJIKOM BOJIBI pACCMOTPUM YPaBHEHHECOXPAHEHHUS MACCHI.

' o
Z = T](l‘, Y, t) cBoboiHAd TIOBEPXHOCTE
1 / "

_\.—___‘-/

l\ & = —h(&?, Yy pEAbeCl)ﬂHﬁ

Pucynok 1 — Cxemaruueckoe n300pakxeHue cucTeMsl Difnepa

WuTerpupyem ypaBHEHUE HENPEPBHIBHOCTH (3) 1O BEPTUKAIIH CIECTYIOIUM 00pa3oM
0=/"[V - uldz, (5)
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— (" [2% v a_""]
=/, o Tyt o dz, (6)
3 3 d(—h
:a f_nh UdZ - ulz:r] %"‘UIZ:.h—;x ),
I I N Je)
+35 J_,udz U]z 5, 4 0l= =
+W|z:;7' WIZ:-h, (7)
_0m on_, on rn an
= Ef—h udz — u|z=n£+£ J_,udz — v|z=,,£ + W=y . (8)

I/Ie HIDKHEE TPpaHuIHOe yclIoBUE (4) UCIOJIB30BATIOCHh B YETBEPTOM psiny. Ilpu ycinoBun moBepx-
HocTH (1) ypaBHeHuUe (8) cTaHOBUTCS

a a 1 a
a—z +——[,udz + af_hvdz = 0. 9)

Jlyis cnemyroiero mara Mbl IpUOErHEM K OTepaIui TUAPOCTATUYECKOTO MPUOIKCHIS,
nperoaras, 4To JJIMHA BOJIHBI HAMHOTO OOJIBIIE TITYOUHBI KUIKOCTH, TO3BOJISIET HAM ATO CHe-
JaTh — KJIFOYEBOE MPEIOI0KCHUE, JIS)Kallee B OCHOBE YPaBHEHUH MEIKOHW BObI, KOTOPOE 3a-
KJIFOYaeTCsl B MAJIOM COOTHOIICHUH CcTOpoH, T.e. H/L «' 1, rae H — riyOuna »xwumkocty, a L —
TOPU3OHTAIBHBIM MacIITad IBKEHUS. DTO JaeT HAYall0 THAPOCTATUYCCKOMY MPUOIIMIKEHUIO, a
OHO, B CBOIO OYepe/lb, IPUBOIUT K BO3MOXXHOCTH MPEHEOPEUb «KOJICOIIOMICIHCSY MPUPOION TI0-
toka [10]. OgHako 3TO HE 3HAYMT, YTO BOJHEHHUS UMCIOT MaJyl0 aMILIMTY/Y,lI03TOMY HEJTHHEH-
HBIMH YJICHAMH He mpeHeOperaeM. BakHO OTMETHTB, YTO C IMMOMOIIBIO THAPOCTATUYCCKOTO MPH-
OJIMOKEHUST MBI MOXEM IPEHEOpEeYh WICHOM BEPTHUKAIBHOTO YCKOPEHHS, TaK KaK JOOMBacMCs
ruapocratudeckoro Oamanca [11], a 3TO 3HAYMT, YTO TPABHUTAIMS YPABHOBEIINBACT TPATHUECHT
JIABJICHUS] B BEPTHKAJILHOM YPAaBHCHHH JIBUXKCHHUS, MOJIPA3yMEBasi, YTO BEPTUKAIBHBIC YCKOpE-
HUS HAYTOXKHBI: B (2) M BBIBECTH THJIPOCTATUICCKOE JaBIICHUE, HHTETPUPYS BEPTUKAIBLHYIO CO-
CTaBJISIFONIYIO YPAaBHEHUS UMITYJIbCa,

%4z = - [ pgdz
A%y, 1) - X, Y, 2,0 = - (%, Y, 1) = 2)
2%, Y, 2,0 = (n(x, ¥, 1)) - 2). (10)
/1€ MbI IPUMEHUIIN YCIOBHE MOBEPXHOCTHON MTPOBOAUMOCTH p(X,y,7, ¢t) = (. Vcnoas3ys 3TO BbI-
paxkeHue A TuapocTaTruueckoro nasieHus (10) u ganee npeanonarasi, 4To BEpTUKAIbHBIE KO-
nebanus B (U, V) OTCYTCTBYIOT,ypaBHEHUs TOPH30HTAIBHOTO UMITYJIbCA CHCTEMBbI MEITKON BOJIbI-
HOJIYYal0TCs CIEAYIOIIMM 00pa3oM,

du ou Ju on _
E+ E+V£+g£—0, (11)
v v v on _
E"‘Ua"‘V@"‘(ﬂa—o. (12)
Coxpanenue mMacchl, 3ajanHoe popmysoit (9), cranoBUTCS
am , 9 ] _
2t 2101+ hul+ =[G+ W] = 0. (13)

Torna ypasuenus (11), (12) u (13) sSBIAIOTCS ypaBHEHUSIMHA METKON BOJIBI (PUCYHOK 2).
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Y
/ CBO6OZ[H&‘EI HOBerHOCTb
—7 A T— / g
/ —
n(z,y,t) + h(z,y)
~—~—— T\ R

peabed aHa

Pucynok 2 — CxemaTnueckoe n300pax€HUE CUCTEMBI MEIKOU BOBI.

DT ypaBHEHHS aHAJIOTUYHBI YPAaBHEHUSIM VTS TA30BOI TMHAMUKY B IByMEpHO# cucteme [12].
JlefiCTBUTENBHO, YpaBHEHHUS], OIUCHIBAOIINE TMHAMUKY HEBSI3KOIO, HE TEIUIONPOBOJSILIETO, U3 DH-
TPOIUYECKOTO (T.€. BHTPOITUSI IOCTOSIHHA U P ogoV) rasa

ap
t 2 (pu) + 2 (pv) =0, (14)
ou L&y py208
+ 6x+V6 TP x =0, (15)
—_— V_Z a_p =
+ P +V 2y +p 3y 0, (16)

rae y = Cp /Cv nokasarens aauadatsl, a Cp yIeJbHasl TeIUIOEMKOCTh TPU ITOCTOSTHHOM JIaBJie-
HuH, Cy yzienbHas TeII0EMKOCTb MTPH IOCTOSTHHOM 00beMe.

Otu ypaBuenus (14), (15) u (16) sSBASIOTCS TOYHBIM aHAJIOTOM YpaBHEHUN MEJIKOM BOJbI
(13), u ypaBuenust (11) u (12), mpu ycCIOBHH, €CIM MBI OTOXISCTBUM U,VB 00OMX Cllyda-
SIX,yCTAaHOBUME (7 + h) = p, IpUMEM TUIOCKYIO PelIbeHOCTh JHA (H = constant) u npu-
MmeM (y = 2.)

Ecnu MBI paccMOTpUM ypaBHEHHSI MEJIKOM BOJIBI BO BpAIIAIOILIEHCsl CUCTEME OTcueTa (0Ch
BpAIlleHUs NEPIECHANKYISIPHA TUIOCKOCTH X-Y), TO K YPaBHEHHUIO MMITYJIbCa CJEIyeT JT00aBUTh
ko3 uuuent Kopuonuca.

B stoMm cityvae
on a

o[+ Wl + o[+ hyv] = (17)
ou u _
E+u—+va——fv+g——0, (18)
av ov
P u—+va—+fu+g— 0, (19)

rae f - koadpdumment Kopuomnmca
MaremaTtudeckasi CTPyKTypa
B sToM pa3zzaene Mbl pacCMOTPUM MaTeMaTHUECKYIO CTPYKTYPY YPAaBHEHUIN MENKON BOJBI.
['unepbonnyeckue ypaBHEHUS B YACTHBIX MTPOU3BOJHBIX
VYpaBHeHMS] METTKOH BOJIBI MOYKHO 3aIlMCaTh B BUJI€ MaTPHUILIbI

S(M [& n+h O] [v O n+h - m u_+v%
a<u>+ g u 0 a<u>+ 0 v 0 a(u) = — 0 . (20)
v 0 0 u v/ lg O v v 0
CoOcTBeHHBIE 3HAYCHHS MATPHUIIBI IEPBOTo KOAPPHUIIMEHTA PaBHHI U,
utyg+h), (21)

CoOcTBeHHBIE 3HAYCHHUS MAaTPHUIIBI BTOPOTro K03 (hUIIMeHTa paBHBI V,
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viyg(m + h), (22)

[Mockonbky coOcTBeHHBIE 3HaYeHHs (21) 1 (22) NeiicTBUTENBHBI U PA3JIMYHbI, YPABHEHUS MeJl-
KO BOJIBI SIBIISIFOTCS TunepOonyeckuMu uddepeHInaIbHbIMI YPaBHEHUSIMU B YaCTHBIX MPOU3BO/I-
HBIX, TaK K€ YPaBHEHUS JJOIMYCKAIOT Pa3pbIBHbIC (ClIa0ble) pEelICHNs], TAKUMU PEIICHUSIMUA Ha3bIBAIOT
Pa3pbIBbl BTOPBIX MPOU3BOIHBIX MPU YCIOBUU HEMPEPHIBHOCTH CAMOTO PEIICHHS U €r0 MEePBbIX MPo-
u3BoaHbIX [13].

MeToa XapaKTepuCTUK

[TockonbKy ypaBHEHHS MEJIKOW BOJBI MPEJCTABIISAIOT coOoi rumnepbonuueckue audde-
pEHLIMANbHBIE YPABHEHHS B YACTHBIX MIPOU3BOIHBIX, METO/] XaPAKTEPUCTUK MOKET IPUMEHSTHCS
JUISL CBEJICHUS X K CEMEHCTBY OOBIKHOBEHHBIX AU (P PepeHInanbHbIX YPAaBHEHUH.

_ 9 _
Ecnu mb1 npumem (v = 0) n (5 = 0) (zByMepHBIC, TO €CTh B ILIOCKOCTH X-Z), YpaBHEHUS

MEJIKOI BOJBI CTAaHOBSTCS,

P ) ou _
Mt mru—m+mn+mn+h)-=0 (23)
ou Ju an __ 0Oh
E+ua+g£(n+h)—g£. (24)
Eciu Msl onpenenmum €2(X,Y,t) = g + h), (23) Xg MOXHO 3aIucaTh Kak
ac? ac?

ou
U —+c2—=
at uax ¢ ox 0,

TaK
a(2¢) d(2¢) oul _
c[ o tu— t CE] =0. (25)
Tak kak c(x,y, t) 70, (25)craHoBUTCS
a(2¢) a(2¢) u _
o T U +Cax_0' (26)
AHanoruyso, (24) MoxeT ObITh 3alIMCAHO KaK
R @7)
ot ax T “Tox ~Jox
Torna (27) + (26) u (27) — (26) COOTBETCTBEHHO JIAlOT
d d d _ 0h
a(u + 2C)+ua (u+ 2C)+Ca (u+2c)= ot (28)
d d a _ 0h
5 (U= 20)+u— (u— 2c)+C—(u — 2¢) = 7. (29)
VpapHenue (28) CBUIETENBCTBYET, YTO BIOJIb KPUBBIX B IIIOCKOCTH (X, t),
d
d—’t‘ =u+c, (30)
orpeneNnseMoi BeMMYMHOM U + 2C, MEHSIETCs COTIIacHO
a dx @ _d _ 0h
o+ 26)+E£(u + 2¢) = —(u+2c)=g-. (31)
A TaxKe BHAOJb KPUBBIX
dx _ _
ar u - C, (32)
ompenensieMbIX ypaBHeHHEM (29), MOXKHO 3amucath B BUIE
a dx @ _d,. _ 0h
i Che 26)+E£(u —2c) = —(u—20)=4g,. (33)

CrnenoBarenbHo, eciiu h moctosiHHa, (U + 2C) u (U - 2C)0yAyT SBISATHCS WHBaApUAHTAMU
Pumana (T.e. QyHKIIMHM OCTArOTCS MOCTOSIHHBIMHU BJIOJIb KpuBbIX). Eciiu h 6yner h = mx + b, to
Oh/Ox ABNseTCS MOCTOSTHHOW BETMYMHON M XapaKTepUCTHUYECKUE YPAaBHEHHUSI CHOBA MOTYT OBITh
JIETKO MHTETPUPOBaHBI, IpU4YeM Ha 3TOT pa3 (U + 2c-gmt) u (U-2C-gmt) — HOBBIC WHBAPHAHTHI
Pumana. BaxxHO OTMETHUTB, UTO 3TOT METOJI HE 00001IaeT 3a1auu ¢ 00yiee CIOKHBIM peiabedom
JIHa U TpexXMepHbIe (X-Y-t) 3a1aum.
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JIuHeapu3auusi ypaBHeHUIl MeJIKOW BOAbI
UroOb!l TMHEApU30BaTh YPABHEHUSI MEITKOW BOJIBI, MBI PACCMOTPUM HEOOJBIIME BO3MYIIICHHUS
OTHOCHUTEIIHHO JKUAKOCTH HAXOSIIAECS B COCTOSIHUY TIOKOSL. To ecTb,
n=0+7n, u=0+u, v=0+V. (34)
[Toacrasnsas (34) B ypaBHeHust menkoit Boasl (11), (12), (13) u npeneOperas wieHaMu
BTOPOTO TIOPSI/IKA, MBI TOJIy4aeM JIMHEAPH30BaHHBIC YPABHEHUSI MEIKOH BOJBI CICIYIONUM 00-
pa3zoM (IIPOCThIE YKCTIA OMYIIEHBI)

on . 9(uh) o(wh) _

E"‘UW (u+ 2C)+W =0, (35)
ou, 0n _
ov, O0n _

YMmuoxus (35) Ha \/E a Takxe (36) u (37) Ha \/E MOJIYYHM,
= G+ (T - Jgh)+= (i - gh)=0, (38)
2 (uvh)+/gh=(n\/g)=0, (39)
5 (i) +gh 7 (n/g)=0, (40)

Ecau Mb1 uckmouum U,/ h, u V4 h, H3 IIPUBCACHHBIX BBIIIC ypaBHeHHﬁ, MBI NTOJIYYUM JIU-

HEHWHBIE JABYMCPHBIC BOJIHOBBIC YPABHCHMU,

2 a) =7 - [gh - V(n9)]. (41)

da3oBasi CKOPOCTb, KaK M CIEAYET U3 [JUIMHHOBOIHOBOI'O Mpejena, paBHa C(X, Y)=+/gh,Ho
Ha 3TOT pa3oIpeessieTcs s u3MeHsonierocs peibeda qua (T.e. h spisercs GyHKIMeH Kak X,
TaK u Y, ciepoBarensHo, h = h(X,y)).

av du
VYpaBHeHHE BUXPABBIBOAUTCA IIYTEM ONPENEICHUS @ KaK ®(X,Y,t) = T 3,0 BprmCIE-
X y

5} 5}
HIeM —— (40) — 3y (39),

Jw _
=0 (42)

DTO 03HAYAET, YTO 3aBUXPEHHOCTh OCTACTCs MOCTOSIHHON BO BpeMeHHU. B o0miem ciydae
nosie ckopocteit (U, V) MOXKHO pa3yioKUTh Ha BpalaTe/IbHYI0 W HPPOTAIIMOHHYIO YaCTH, TIO3TOMY
U ¥ V MOXKHO 3aIucaTth Kak

_ w08
- ay+6x’ (43)
_ 9y 09

v_6x+6y’ (44)

I7I€ i ¥ ¢ Ha3bIBAIOTCS (PyHKIIMEH MOTOKA U IOTEHIIUAIIOM CKOPOCTH COOTBETCTBEHHO.

Ucnonesys (43) u (44), ypaBHeHue (42) MOKHO 3amucaTh B BUJIE:
dw 0

BBI‘—II/ICJII/IB% (39) + :—y (40),momyanm
0
5 (7) + Jav*(ng) = 0. (46)

BbiBoa: Takum oOpa3om, BpamiarenbHas 4acTh MOJIA CKOPOCTEH MOJIydaeTcst MyTeM MH-
TErPUPOBAHUS HE3aBUCUMOT'O OT BPEMEHHU IOJIs 3aBUXPEHHOCTH (45) (TO €CTh HaYaldbHBIX YCJIO-
BHUI1), B TO BpeMs KaK M pOTallMOHHAs 4acTh noiydaercs U3 peumenus (41) u (46). Tem He MeHee,
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W M ¢ HE SBISIIOTCS TOJIHOCTHIO HE3aBHCHMBIMH: OHU «B3aMMOJCHUCTBYIOT» NPH HMPUMEHECHHU
OOKOBBIX I'PAHUYHBIX YCJIOBUH K ITOJIHOMY IIOJIIO cKopocTeil (43,44).
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